In this article we will introduce, among others, the variety of subcomplexes and the variety of maps between complexes of given rank. Also, varieties of g-structure like g-Grassmannian, g-determinantal varieties and finally the variety DGLA(E) of differential graded Lie algebra structures on E. We will compute the dimensions of these varieties and also some relevant properties. The motivation of this article is to give examples of moduli spaces relevant to deformation theory.
Introduction.
This article is related to the variety of complexes studied in [1] . The variety of complexes, often called Buchsbaum-Eisenbud variety, is the main topic of several articles, [2] , [3] , [4] , [5] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] .
In [18, §24] there is a general construction. Let V be a finite dimensional vector space over C, let P 1 , . . . , P m be homogeneous polynomial functions on V and let I denote the homogeneous ideal generated by P 1 , . . . , P m in the algebra S ⋆ (V ∨ ) of all polynomial functions on V. Let X ⊆ PV denote the projective variety associated to I. Let G ⊆ GL(V) be the algebraic subgroup that leaves I stable. It follows that G acts on X. Denote by g the Lie algebra of G. For each x ∈ X we will define a structure of a complex (d 0 
The homology of each complex has a geometric meaning. If H 1 (x) = 0, that is, if g.x = T x X, the point x has an open orbit (it determines an irreducible component of X). See [18] for a proof and more references.
Let's see another interesting construction from the theory of Differential Graded Lie Algebra (DGLA) in the context of deformation theory. A Differential Graded Lie Algebra (E, d, [−, −] ) is a graded vector space E together with a differential d of degree one and a graded bracket subject to some compatibilities,
• [a, [b, c] 
Every DGLA E comes with its Maurer-Cartan variety
It is of interest to understand the local behavior of some x ∈ M(E). Note that if x ∈ M(E) then d + [x, −] is a new differential in the Graded Lie Algebra (E, [−, −]),
Let DGLA(E) be the variety of DGLA structures on E (we are assuming that E is bounded) and let D(E) be the variety of complexes on the graded vector space E then we have the following diagram, Again, we have a map to a variety of complexes but also, we have a map to the mysterious variety DGLA(E). From the definition of DGLA we know that E 0 is a Lie algebra and E i are E 0 -modules, so to analyze DGLA(E) we would need some auxiliaries varieties of structures.
M(E)
Let's see another example. The theorem of Frobenius ( [19, 2.32] ) implies that every differential ideal I ⊆ Ω In the second, third and fourth sections we will study the variety of subcomplexes of a complex, the variety of maps of given rank and the variety of complexes of given dimensions. The fourth section is a review of [1] . In the fifth section we will give some definitions and notations to be used in sections 6,7 and 8. In the sixth, seventh and eighth sections we will study the variety of maps of a given g-rank (we call it g-determinantal variety), the variety of submodules of a given module (we call it g-Grassmannian) and finally the variety DGLA(E) assuming E = E 0 ⊕E 1 ⊕E 2 with E 0 a semisimple Lie algebra. All the proofs presented in this article uses standard techniques of algebraic geometry, see [20] for reference.
Preliminaries on complexes.
Given (V, d) and (W, δ) two complexes, we will denote hom(V, W) the morphisms of complexes. It is a graduate vector space. A morphism of degree i is an element of hom i (V, W). The group GL(V) will denote the automorphism of the complex V. An element in GL(V) is an invertible endomorphism of (V, d). In this work we will assume that all the complexes are bounded and finite dimensional
we define the order s ≤ r induced by N 0 ,
Corollary 3. Let L and N be complexes such that
The dimensions of these spaces are denoted with lower cases
Let proceed inductively. Given that the complexes start in degree zero, we have
Resolving the recursion in 3,
Using 2 we get dim hom 0 (V, L) = dim hom 0 (V, N).
Proof.
The group GL(V) × GL(W) acts on the left on hom(V, W) in the following way
Given that f is a map of complexes, δ f = f d, its conjugate is also a map of complexes
Given that V and W are bounded and finite dimensional in each degree, GL(V) × GL(W) is a Lie group with Lie algebra hom
The group GL(V) acts on hom(V, V) by conjugation, φ. f := φ f φ −1 .
Variety of subcomplexes of a given complex.
Let us fix a complex (W, δ), 
Proof. Consider the map that forgets the last coordinate G r,s
They are smooth and irreducible. Given that
The result follows by induction.
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The group GL(W) acts on G(W). We will say that
The relation in well defined because φ is an invertible map of complexes and given that δ(L) ⊆ L we have
This action preserve the variety
Given that the action is transitive on G r,s , it is an orbit.
This is possible because
The other implication is obvious.
Variety of maps between complexes of given rank.
Let V and W be complexes,
The group GL(V) × GL(W) acts on hom 0 (V, W),
The following applies
The formula for the dimension follows from the following recursion:
is irreducible, smooth and
Proof. Consider the map that forgets the last morphism
Its fibers π
As usual write
Then all the fibers π −1 ( f ) are isomorphic to 
Given that GL(V)×GL(W) acts transitively on the irreducible, smooth varieties C r,s , it follows that C r,s are the orbits of the action. 
Being close we have C r,s ⊆ E r,s . Given that C r,s is dense in E r,s , to get the equality we will see that E r,s is irreducible. Let
The fibers of the first projection π 
Given that C r,s ∅, we get G r,s (W) ∅. Note that we recover the formula
Corollary 13.
where min(a, b) := (min(a 0 , b 0 ) , . . . , min(a n , b n )).
Proof. As usual write
B . By inductive hypothesis we have
Let f i+1 H of rank s i+1 and let f i+1 C of rank
Corollary 15. Let f ∈ hom 0 (V, W) then
Proof. We have f ∈ C t,u for some t, u ∈ N n+1 0 . From 14 and 6 follows 0 ≤ χ n (t − u) ≤ 0 =⇒ χ n (t) = χ n (u). 
Subvariety of quasi-isomorphism.

Fix (V, d) and (W, δ) two complexes such that h = dim H(V) = dim H(W)
. This is a necessary hypothesis for the existence of quasi-isomorphisms. Let Q = Q(V, W) ⊆ hom 0 (V, W) be the subvariety of quasi-isomorphisms, v := dim V and w := dim W. Let f ∈ hom 0 (V, W) be a quasi-isomorphism then there exist q such that f ∈ C q,h . In fact, using 14, we know that
Then if q is such that
The irreducible components of Q correspond to the maximal q satisfying this condition. When v = w we have one maximum q, so
Variety of complexes.
Suppose we have V = H(V). We want to study the variety
D = D(V) ⊆ hom 1 (V, V) of all the complex structures over V. D = D(V) := {d ∈ hom 0 (V, V[1]) | d • d = 0}.
The action of GL(V) on D is different from the action of the group GL(V) × GL(V[1])
on hom 1 (V, V) whose orbits are C r,r . The group GL(V) preserve the condition
The reason why we used C r,r in the definition is that 
Proof. Consider the map that forget the last differential
They are irreducible, smooth and of dimension
Proposition 17. Let v = dim V and let r
Being close we have D r ⊆ E r . Let
The fibers of the first projection π [1] ) are irreducible of the same dimension, then I r and im(π 2 ) = E r are irreducible. Given that D r is dense in E r we get the equality. 
We need rk(d
Subvariety of exact complexes.
Let E = E(V) ⊆ D(V) be the subvariety of exact complexes. Let v = dim(V) and e i := χ i (v) ≥ 0, from 20 we have 
If some e i < 0 there are no exact differentials.
Preliminaries on g-structures.
Let g be a semisimple Lie algebra over C. Let R(g) be the ring of finite dimensional grepresentations. To each representation V we associate its class cl(V) ∈ R(g). Every finite dimensional representation could be written as a sum of irreducible representation. This decomposition in unique up to isomorphisms (see [21, §23.2] ). For example, it is well known, [21, 11.31 
Definition 21. For S ∈ R(g) we will say S ≥ 0 if its decomposition as a finite sum of irreducible representations has only non-negative coefficients, in particular
Note that V ⊆ W ⇐⇒ cl(V) ≤ cl(W) where cl(V) and cl(W) are its classes in R(g).
Given f : V −→ W a morphism let's define its g-rank as
Let hom g (V, W) s be the variety of all the g-morphisms with g-rank s ∈ R(g). Given a representation V and a subrepresentation S , let Gr g (V, S ) be the variety of all the subrepresentations isomorphic to S . Given that this variety only depends on the classes of V and of S , in general we will denote it Gr g (cl(V), cl(S )).
We are going to study hom g (V, W) s and Gr g (V, S ). Let's start with hom g (V, W) s .
g-determinantal variety. Proposition 22. Let V and W be two representations with cl(V)
Proof. It follows from the following:
The last equality follows from Schur's Lemma, [22, §6.1].
Lemma 23. Let V be an irreducible representation and let n, m, s ∈ N with s ≤ min(m, n) then
Proof. The representation V has only one highest weight line, v . In general V n has only n highest weight vectors linearly independent {v 1 , . . . , v n }. A morphism from V n is determined by this vectors. Every morphism sends highest weight vectors to highest weight vectors hence 
Corollary 24. Let V and W be two representations with cl(V)
In particular, to have maximal g-rank is a generic condition.
Proof. It follows from the previous lemma and from the following:
we have that the variety hom g (V, W) s is irreducible, smooth and
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Proof. We already know that the variety hom g (V, W) s is irreducible and smooth. The dimension follows from [20, 12.2 
). An endomorphism of maximal g-rank is the same as an automorphism, so we have that the space of automorphisms is a dense open subset of end g (V). In particular,
Proposition 27. The group aut g (V) × aut g (W) acts on the left on hom g (V, W) and this action is transitive on hom g (V, W) s .
The automorphisms φ and ψ sends each irreducible submodule into a copy of that irreducible submodule, then
The transitivity follows from standard arguments.
Proposition 28. Given cl(V)
Proof. The result follows from
g-Grassmannian.
Let's study now the variety Gr g (V, S ).
Lemma 29. Let V be an irreducible representation and let s
Proof. A subrepresentation of V n isomorphic to V s determines and is determined by a subspace of dimension s inside the n dimensional vector space of highest weight vectors of V n .
Corollary 30. Given S ⊆ V with cl(V)
Proof. Every subrepresentation S ⊆ V is given by a morphism S ֒→ V, so it decompose as a sum of V 
Proposition 31. Given S ⊆ V with cl(V)
Proof. We already know that the variety Gr g (V, S ) is irreducible and smooth. The dimension follows from [20, p.138] , dim Gr(n, s) = (n − s)s.
The variety DGLA(E).
Recall the definition of a DGLA (E, d,
Note that E 0 is a Lie algebra, E i is a module (i > 0), d 0 is a derivation ([23, 7.4.3] ) and that the bracket E 1 × E 1 → E 2 is symmetric. In this section we are assuming E = E 0 ⊕ E 1 ⊕ E 2 , so a DGLA structure on E is the data of a semisimple Lie algebra E 0 , two modules E 1 and E 2 , two lineal maps d 0 and d 1 and finally a symmetric bilinear E 0 -morphism f :
They satisfies the following conditions
Let's define the variety DGLA(E),
Notation 32. For every e ∈ DGLA(E) we have its corresponding Maurer-Cartan variety M(e)
We are using a lowercase e to distinguish it from the graded vector space E. There are a lot of structures of DGLA in the same space E.
Notation 33. Let g be a semisimple Lie algebra and let V be a module. The space of derivations der(g, V) is representable by a module I in such a way that every derivation d corresponds to a g-morphism
In this way we can associate to every derivation the g-rank of φ d ,
Recall that in the semisimple case all derivations are inner derivations then der(g, V) = V. In other words, the notation V s will mean
Proposition 34. We have the following union of irreducibles, smooth subvarieties
where
Proof. The projection π 1 : 
Projecting the variety π −1 1 (d 0 ) over its second factor with p 2 and taking fiber, we get
Let's rewrite the last condition
Given that E 0 is semisimple, the last equation is equivalent to 2g(y) = f (yy). Finally,
Note that im(p 2 ) = hom E 0 (S 2 (E 1 ), E 2 ).
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We will see in the next two lemmas that every Maurer-Cartan variety of a DGLA F with F 0 semisimple appears in a DGLA e ∈ DGLA(E) 0 where
Note that e has d 0 = 0. Let's see that φ ⋆ preserve this action. Let a ∈ E 0 , x ∈ M(E) and let b = φ 0 (a) ∈ F 0 , y = φ 1 (x) ∈ M(F). Given that φ is a DGLA map, we have Lemma 36. Let E = E 0 ⊕ E 1 ⊕ E 2 with E 0 semisimple and E 1 , E 2 two modules. For every e ∈ DGLA(E) there exist e ∈ DGLA(E) 0 such that
M(e) M( e).
Proof. Given x ∈ M(e) we can construct another DGLA structure on E different from e = Given that E 0 is semisimple, y ∈ M(e).
Remark 37. From the previous two lemmas we know that every Maurer-Cartan variety associated to a DGLA E with E 0 semisimple could be obtained from a structure of the form e = (0, d 1 , f ). We want to mention here that e induce an E 0 -morphism
We already noted before that f is an E 0 -morphism and in this case, when d 0 = 0, we get that d 1 is also an E 0 -morphism (see the DGLA conditions). In fact, we have
For every submodule isomorphic to E 2 inside E 1 ⊕ S 2 (E 1 ) we will have a variety of MaurerCartan.
